The perturbation method in supersymmetric quantum mechanics (SUSYQM) is used to study the spheroidal wave functions' eigenvalue problem. Expanded by the parameter α, the first order term of ground eigen-value and the eigen-function are gotten. In virtue of the good form of the first term in the superpotential and its shape-invariant property in the first order, we also obtain the eigenvalues and eigenfunctions of excited state in first order term from that of ground state. In the paper, the very good results are that all the first term eigenfunctions obtained are in closed form. They are advantageous to investigating for involved physical problems of spheroidal harmonics. PACs:04.25Nx; 04. 04.70Bw During the last five decades, spheroidal wave functions play a premier role in mathematical physics. Nowadays, they have made strong contributions to extensively theoretical and practical applications in science and engineering, such as gravitational wave detection, quantum field theory in curved space-time, black hole stable problem; spheroidal antenna analysis and design in 3G mobile and broad band satellite telecommunication; steady flow of a viscous fluid past a spheroidal, spheroidal shapes calculations of rockets, aircraft noses and guided missiles; spheroidal cavity problem; spheroidal electromagnetic diffraction, scattering and similar problems in acoustic science, etc[1]- [5] .
During the last five decades, spheroidal wave functions play a premier role in mathematical physics. Nowadays, they have made strong contributions to extensively theoretical and practical applications in science and engineering, such as gravitational wave detection, quantum field theory in curved space-time, black hole stable problem; spheroidal antenna analysis and design in 3G mobile and broad band satellite telecommunication; steady flow of a viscous fluid past a spheroidal, spheroidal shapes calculations of rockets, aircraft noses and guided missiles; spheroidal cavity problem; spheroidal electromagnetic diffraction, scattering and similar problems in acoustic science, etc [1]- [5] .
The spheroidal wave equations are extension of the ordinary spherical harmonics equations. So far, in comparison to simpler spherical special functions, their properties still are difficult for study than their counterpart [1] [2] [3] .
Basically, the methods of evaluating the eigenvalues and eigenfunctions of spheroidal harmonics mainly rely on the three-term recurrence relation: one could solve the transcendental equation in continued fraction form or its equivalent or by power series expansion etc [1] [2] [3] , [6] - [13] . For the details of these methods and their advantage and disadvantage, one could see the reference [13] . These methods mainly work for the numerical purpose, and also rely heavily on the numerical method. However, all previous work concentrates on the side of numerical calculations of the eigenvalues, and particularly emphasizes the small parameter and large parameter limits form of the eigenvalues. But, less effort has been devoted to the related eigenfunctions, especially the analytic property. This mainly because the difficulty for it. Even in the approximation by power series expansion, whether from the continued fraction or quantum mechanics method, all eigenfunctions come into this kind of form F km = ∞ n=0 α n f n,km with the subscript k being indication of the kth state eigenfunction F km . The nth term f n,km in α could be written as f n,km = ∞ q=0 c nq,km P m m+q with P q m+q being the associated-Legendre functions. Obviously, the nth term f n,km is only in the series form, this actually does not reveal much about the eigen-functions at all. In the paper, we give a completely new method to calculate the ground eigenvalues and eigenfunctions of spheroidal harmonics in the first term of the parameter α. The good result is that the ground eigenfunction of the first order is in closed form. Furthermore, using the perturbation in supersymmetric quantum mechanics (SUSYQM), we find the closed form f 1,k0 due to the properties of their potential's shape-invariance in the first term in the parameter. Just like in the associated-Lendgre functions' case, the shape-invariance property makes it easy to calculate the f 1,km from the f 1,0m . Unfortunate, the higher order term of the potentials have no such a good property, so we only get the ground function for higher order terms in parameter α. In the following, we first give brief review of supersymmetric quantum mechanics (SUSYQM) in solving the eigenvalue-problem, then using it solving our problem, finally we give some discussion and conclusion.
Introduction of the spheroidal functions
The spheroidal differential equation is
Under the boundary condition that Ψ m is finite at θ = 0, π, the eq. (1) is called the equation of the spheroidal wave functions. This is a kind of Sturm-Liouville boundary problem. Its solution, the eigenfunction with the eigenvalue λ m , is called the spheroidal wave function [1] [2] [3] . Letting x = cos θ, and for convenience, a 2 by α respectively, the eq. (1) of the spheroidal wave functions now becomes [1] 
The equation (2) has two parameters: m, α = b 2 .
(1)When α = 0, the spheroidal wave functions reduces to the spherical functions (the associated Legendre-functions P m l (x)). The spherical functions have many well-known simple properties, for example, (1) the Legendre-functions P l (x) are polynomials; (2) Legendrefunctions P l could be deduced from the first or ground function P 0 from the recursion relation; (3) all the associated Legendre-functions P m l (x)can be derived from the Legendre-functions
(2)When α = 0 and real, the spin-weighted spheroidal wave functions are spheroidal function (prolate or oblate spheroidal function) [1] . Though spheroidal functions are even or odd functions of the variable x (this property comes from their equation (2) with being invariant under the transformation x → −x ), they are very different from the spherical functions [1] . The spherical harmonics have many good property as mentioned above; on the other hand, the prolate or oblate spheroidal functions have no any of these simple properties or these relations for them have not been found.
In this paper, we only consider the solutions of eq.(26) under the parameters m = 0. When the parameter α is real or pure imaginary, they correspond to the oblate and prolate spheroidal harmonics respectively. Further, the parameter α could be any complex number too.
Perturbation method to solve the Spheroidal harmonics
When the absolute value of the parameter α is small, the spheroidal harmonics could be solved by the perturbation method.
The usual way to calculate its kth state energy and state eigenfunction perturbatively is
with the quantities d km r (α) satisfies the three-term recurrence relation [1]
with A 1r , A 2r , A 3r respectively
Actually, we only consider the case that the parameter m is zero in the above equation. The eigenvalue λ km is obtained by solving the equations (5) with the demanding that could be calculated too (generally, this is done numerically) [1] , [2] . On the other hand, perturbation method lies in expanding the following quantities in series of the parameter α as
It is really the same as the perturbation method in quantum mechanics with H = H 0 + αV ′ , the kth eigenvalue and eigenfunctions can be written as
From the above equation, we could clearly see that the first order of the k-th eigenfunction is only in the form of series of the original eigenfunctions [ψ q0 ] q∈N , not in the closed form.
Brief review of the theory of SUSY in solving eigenvalueproblem
Supersymmetry offered a possible way of the unified theories, but here attention is mainly paid to supersymmetric quantum mechanics, esp in the solvable potential problems where it gives insight into the factorization method of Infeld and Hull [16] . See reference [14] for review on its development. In supersymmetric quantum mechanics [14] , the Schrödinger equation is
withh = 2m = 1. We consider the case of unbroken supersymmetry, the ground state is nodeless with zero energy, and suppose the superpotential W (x) is continuous and differentiable, which satisfies the equation
and define
The corresponding Hamiltonian H − have a factorized form
The partner potential V + (x) of V − is related to the superpotential W (x) by
with the corresponding Hamiltonian H +
and have a factorized form
The Hamiltonians H + and H − have exactly the same eigenvalues except that H − has an additional zero energy eigenstate, that is,
The pair of SUSY partner potentials V ± (x) are called shape invariant if they are similar in shape and differ only in the parameters, that is
where a 1 is a set of parameters, a 2 is a function of a 1 (say a 2 = f (a 1 )) and the remainder R(a 1 ) is independent of x. One can use the property of shape invariance to obtain the analytic determination of energy eigenvalues and eigenfunctions [16] , [15] . Thus for an unbroken supersymmetry, the eigenstates of the potential V − (x) are:
4 The ground eigenvalue and eigenfunction in the first order
In the following, we will use the perturbation method in supersymmetry quantum to resolve the spheroidal harmonics. In supersymmetry quantum, the central concept is the superpotential W . We could expand it in the series of the parameter α; the potential is already in the series of α. Therefore, by solving term by term, we could get the series forms of the ground energy and ground eigenfunction; if we just need the first order, we further obtain the better results of the closed form for the ground eigenfunction, which is in clear comparison with the old perturbation method. Furthermore, if the first order potential is shape-invariant, we could get all the excited state energies and eigenfunctions of the first order too. This is just what we will do in the following. The eqs. (1), (2) are two forms for the study of the spin-weighted spheroidal harmonics. Usually, they are studied by the form of the eq. (2), but we will start rather from the equation (1) . From eq. 
we could get
and the boundary conditions become
From the equation (26), we know the potential is
We can write the perturbation equation as
there two lower index in the parameter E 0n , the index 0 means belongs to the ground state, the other index n means the nth term in parameter α. The last term ∞ n=0 2E on α n is subtracted from the above equation in order to make the ground state energy actually zero for the application of the theory of SUSYQM. Later, we have to add the term to our calculated eigen-energy. Compare the equations (30), (28), and (31), one could get
From the eq.(32), we get
Then, we can write the other equations more concisely 
After obtaining the zero term for the quantity W , the first order W 1 can be gotten as
where
Subsequently, the ground state function or eigenfunction in the first order is
The calculations are a little complex, so, we first calculate the term W 1 dθ. By transformation x = sin θ,
We exchange the sums order in the above equations,
The terms x 2l−2m = sin 2l−2m θ → ∞ as θ → 0, π because of 2l − 2m < 0 with the condition l < m. By eq.(48) and boundary condition at θ = 0, π, the coefficients of those terms must be zero. There is only one quantity E 01 unfixed, could we choose proper E 01 to satisfy the boundary condition? Fortunately, it can be done and the following is the proof. First, suppose the coefficient of the highest negative power of x is zero, that is
.
We can calculate N 10 , N 20 by the following method
so,
In the following, we first suppose that
under the condition
then we calculate the term
Due to the relation
(66)
we get
and
(85)
With the help
on the other hand,
Compare the results of eqs. (91), (94) and take the function [
By eq.(85), it is easy to get
Similarly, we could prove that
Therefore, eqs. (82), (96), (97) imply that
by induction we get
Subsequently, it is easy to simplify the super-potential W 1 in eq. (47), that is
The ground state eigenfunction now is
Back to equation (2), it can be written as
The above equation clearly show how the ground state function changes as the function of variable x and could be compared to the non-perturbation case
. The result is much better than the usual result of the series form
5 the eigenvalues and eigenfunctions of the excited states in first order
Because the good result of the quantity W 1 in the form of the equation (101), the potential upon to the first order have the property of the shape-invariance. In order to see this property, we rewrite the super-potential W as
then
with A 1 = B 1 = 1. From the above equations, it is easy to get
Define
then the n+1th energy (or the nth excited energy)upon to the first order is
By the relation of eq.(114), we get
therefore,
We could get B n+1 from the relation (114), that is, B n+1 = (2m − 1)(2m + 1)(2m + 3) (2n + 2m − 1) (2n + 2m + 1) (2n + 2m + 3)
= n(2m + n + 1) − α 2(2m + 3) (2m + 1)B 1 − (2m − 1)(2m + 1)(2m + 3) (2n + 2m − 1) (2n + 2m + 3)
. (122) As stated before, the last term in eq.(31) must be added to E − n for actual calculation, that is, .
The nth excited state upon to the first order is obtained by 
where A n , A n+1 satisfy the relation of (113),(114). Notice that our formula is different from that of the reference [1] , the relation is that our m + n is equivalent to l in the reference [1] and an overall negative sign between them. Then we can compare the results, which is same.
conclusion and discussion
In the paper, we obtain the closed form of ground state function upon to the first order by new method of the SUSYQM to solve the spheroidal eigenvalue problem. Because the first order term of the super-potential has the good formula of (101), we also get the pleasant results of the excited energy and the corresponding excited state functions from the counterparts of the ground state. The results are much more like case of the associated-Lengdre functions. They are new and interesting. The method can also be used to solve the spin-weighted spheroidal functions for the case s = 0, though whether the shape-invariance property still exists is not clear.
